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Abstrat. The Hyperextended Salar Tensor theory with a potential is dened by
three free funtions: the gravitational funtion, the Brans-Dike oupling funtion and
the potential. Starting from the expression of the 3-volume and the potential as fun-
tion of the proper time, we determine the exat solutions of this theory. We study two
important ases orresponding to power and exponential laws for the 3-volume and the
potential.
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1. Introdution
In this work, we study the Hyperextended Salar Tensor theory (HST) with a potential
for the Bianhi type I model. We determine, by help of quadratures, the exat solutions
of this theory as funtion of the 3-volume and the potential. We then study the ase for
whih these 2 funtions are power or exponential laws of the proper time.
The simplest salar tensor theories is the Brans-Dike theory studied in the sixties
by Brans and Dike [1℄. One of their goals was to integrate the Mah's priniple in a
gravitational relativisti theory. Sine the eighties, other justiations have been given
to take into aount salar elds in gravitational theories. They are issued from ination
and partiles physis theories, i.e. the uniation models. Their low energy limit an be
desribed by salar tensor theories. As instane, it is the ase for supergravity theory or
higher dimensional theories. Large lasses of salar tensor theories belong to the HST
[2℄. Its Lagrangian is written as this of the Brans-Dike one but the oupling onstant
is replaed by a funtion of the salar eld and the gravitational funtion , φ in the
Brans-Dike theory, by any funtion G−1(φ). In this paper, we will also onsider a
potential U(φ) whih is predited by partiles physis for the early epohs. Moreover,
reent studies on the type I supernovae [3, 4℄ ould onrm the presene of a osmologial
onstant, whih would be the remainder of the potential for late time epohs. We will not
onsider other type of matter as perfet uids, thus assuming a Universe dominated by
the salar eld. Suh phases for the Universe are relevant: near the singularity, perfet
uid are often negligible [5℄. Furthermore, it is sometimes onsidered that salar elds
ould be responsible for a large part of the dark matter whih ould be the dominant
matter of our Universe.
Lets justify the geometrial framework of this paper. It is well known that large
sale strutures we observe ould not exist if the Universe has always respeted the
osmologial priniple. Thus it seems reasonable to onsider other models suh as the
homogeneous ones: these are the Bianhi models. Some of them have the interesting
property to isotropize toward an FLRW model: the Bianhi type V model an approah
the open FLRW one, the Bianhi type IX model an tend toward the losed FLRW
one and the Bianhi type I model toward the at FLRW one. Reent observations
from Boomerang [6℄ seem favour losed models. However, from the point of view of
inationary models, the at model is the most studied and is usually preferred to other
ones. Hene, it is diult today to deide what is the best model to desribe our
Universe and we will hoose to study the Bianhi type I one.
Now, we give a more aurate desription of the funtions haraterising the HST.
When a potential is present, it is dened by three free funtions: the funtion G playing
the role of a variable gravitational funtion, the Brans-Dike oupling funtion desribing
the oupling between the salar eld and the metri, and last the potential U . To nd
exat solutions, most of times one hoose G(φ), ω(φ) and U(φ) and determine the form
of the metri funtions. However, other methods exist to ahieve this goal whih have
been mainly applied to the FLRW models. As instane, in the ne turning potential
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method [7, 8, 9℄, one rst hoose the form of the metri funtions and then look for
the form of the potential. In this paper, we will assume that the forms of the potential
and the 3-volume of the Universe are known funtions of the proper time. Despite
interesting works to determine the form of the potential from the observations [10, 11℄,
there is no method today to predit it for the HST. The seond quantity is related to
the isotropi part eΩ of the metri§ or the sale fator of the FLRW models. We will
use theoretial onsiderations to hoose its form as a funtion of the proper time. From
these two quantities, we an get the exat forms of the gravitational funtion G(t) and
the anisotropi part of the metri. Moreover, if we hoose a form for φ(t), we obtain
ω(t) and then the theory and the solution of the eld equations are fully determined.
Our motivations are the following:
• To nd the exat solutions of the eld equations when we know the isotropi part of
the metri and the potential as funtions of the proper time. This is a mathematial
motivation orresponding to an extension of the ne turning potential.
• To study the dynamial properties of the Universe (isotropisation, ination...) for
speial forms of eΩ and U , i.e. power law and exponential law of the proper time
in this paper. This deserves physial motivation sine most of this results ould be
extendable to any funtion eΩ and U asymptotially tending toward these speial
forms. Thus the salar tensor theories whose the isotropi part and the potential an
be asymptotially written as power series of t or exponential of t will be onerned
by these results.
This paper is organised as follows: in the setion 2 we write the eld equations and
give their exat solutions. In setion 3, we look for the properties of the models dened
by (eΩ = tm, U = tn) and (eΩ = emt, U = ent). We onlude in setion 4.
2. Exat solution of the eld equations of the HST with potential in the
Bianhi type I model
We use the following form of the metri:
ds2 = −dt2 + e2α(ω1)2 + e2β(ω2)2 + e2γ(ω3)2 (1)
The ωi are the 1-forms speifying the Bianhi type I model. We introdue the
parameterisation:
α = Ω+ β+
β = Ω+ β−
γ = Ω− β+ − β−
It is similar to this of Misner [12℄. The funtion Ω stands for the isotropi part of the
metri and the funtions β± desribe the anisotropi part. The isotropi part is linked
§ We have then that the 3-volume is equal to e3Ω.
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to the 3-volume V of the Universe by the relation V = e3Ω. The ation of the HST is
written:
S =
∫
(G−1R− ω
φ
φ,µφ
,µ − U)√gdx4 (2)
φ is the salar eld, U the potential, ω the Brans-Dike oupling funtion and G the
gravitational funtion. Lets justify the study of this ation. Sine in this paper we will
have no need to assume any relation between the salar eld and the Brans-Dike ou-
pling funtion, we ould use the ation of the Generalised Salar Tensor theory (GST)
whih has the same form as (2) but with G−1 = φ. However we do not want to impose
any relation between G and the salar eld sine G−1 = φ is not the only form of the
gravitation funtion in the literature. As instane String theory at low energy is dened
by G−1 = eφ and important studies have been made with gravitational funtion writing
as G−1 = φ2 + constant. Hene, although we have no need for this in this paper, we
will onsider a general form for G. Lets underline that some HST theories an not be
ast into a GST when the funtion G is not invertible although this hange of variable
is then singular and ould be an indiation for mathematial inonsisteny‖.
The ation (2) ould also be equivalent to the General Relativity plus a minimally ou-
pled salar eld if we redene the metri funtions as g¯µν = G
−1gµν¶. We get then
the so-alled Einstein frame and the metri (1) is the so-alled Brans-Dike frame. We
have hosen to work with the last metri sine the results we would get in the Einstein
frame would not have been equivalent to these of the Brans-Dike frame: as shown, as
instane, in [13℄, and ontrary to what happens when we do a "simple" salar eld re-
denition, the onditions for the isotropisation in both frames are not always the same.
The same onlusion arises for the presene or not of ination. Thus, the results get in
the Brans-Dike frame for the HST will not be equivalent to these found in the Einstein
frame or/and for General Relativity with minimally oupled salar eld, it is rather a
generalisation. Moreover, the Brans-Dike frame is generally assumed to be the physial
one, although this point an be subjet to disussion. One ould also ask why we have
not rst studied the Einstein frame and then extended our results to the Brans-Dike
one. However, to proeed we would have to integrate G−1(t¯), whih is not always work-
able.
We get the eld equations by varying the ation with respet to the metri funtions.
In the τ time dened by dt = V dτ we obtain:
α,, + α,GG−1, + 1/2GG−1,, − 1/2GV 2U = 0 (3)
and similar equations for β and γ. The prime stands for the derivative with respet to
τ . For the onstraint, we get
α,β , + α,γ, + β ,γ, +GG−1,V ,V −1 − 1/2UGV 2 − 1/2ωGφ,2φ−1 = 0 (4)
‖ I thank one of the referees for having laried this point.
¶ Lets note that some results for the General Relativity with a minimally oupled salar eld an be
get from these of the HST by putting G−1 = 1. But for obvious reasons it is not so simple to get results
for the HST from these of the General Relativity with a minimally oupled salar eld.
Exat solutions of the Hyperextended Salar Tensor theory with potential... 5
By adding the three spatial omponents, we nd a dierential equation for the 3-volume:
V ,,V −1G−1, − V ,2V −1G−1 + V ,V −1G−1, + 3/2G−1,, − 3/2UV 2 = 0 (5)
If we use equation (5) to express UV 2 and introdue this quantity in (3), we have for
β±:
β± = β±0
∫
Ge−3Ωdt+ β±1 (6)
β±0 and β±1 are integration onstants. Thus, the Universe isotropize when t → ∞ if∫
Ge−3Ωdt tends toward a onstant. Now, we want to evaluate the gravitational funtion
G depending on Ω and U . We nd with help of (5):
G−1 = e−2Ω
[∫ ∫
Ue3Ωdt+G0
eΩ
dt+G1
]
(7)
G0 and G1 are onstants. We an make two remarks:
• We have ompletely determined G(t) and β±(t) as funtions of Ω(t) and U(t). The
solutions of the spatial eld equations are independent on the form of the salar eld
and the Brans-Dike oupling funtion sine they depend only on the gravitational
oupling funtion whih is expressed as a funtion of the proper time and not of
the salar eld.
• Moreover, we an write G−1 as:
G−1 = g1(Ω) + g2(Ω, U) (8)
Then, writing U =
∑
n Un, we see that G
−1(Ω,
∑
n Un) = g1(Ω) +
∑
n g2(Ω, Un).
Thus, from the solution of the eld equations for n potentials, we should be able to
determine the solution for their sum. As instane, if we know then for a potential
writing as tn, we will be able to dedue the solution for any potential writing as a
power law series.
Now, let's express the Brans-Dike oupling funtion as funtion of Ω, U and φ. Using
the onstraint equation and (6), we get:
ω = 2G−1φ˙−2φ
[
3Ω˙2 −G2e−6Ω(β2+0 + β2−0 + β+0β−0) + 3G ˙G−1Ω˙− 1/2GU
]
(9)
The Brans-Dike oupling funtion is then fully dened by Ω(t), U(t) and φ(t). It exists
the same type of linearity relation between ω and U as for G. We have:
ω(φ,Ω,
∑
n
Un) = ω1(φ,Ω) +
∑
n
ω2(φ,Ω, Un) (10)
In the next setion, we study two lasses of models for whih the isotropi part of the
metri and the potential are power or exponential laws of the proper time. For the
larity of the disussion, we will assume that their solutions are dened in t → +∞,
whih represents the late times epoh.
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3. Appliation
3.1. Power laws
We hoose power law forms for the isotropi part of the metri and the potential:
eΩ = tm (11)
U = U0t
n
U0 is a onstant. When the Universe isotropize, the metri funtions tends toward
eΩ whih an be then ompared to the sale fator of the FLRW models. In the at
isotropi models, the sale fator often takes power law forms as for General Relativity
with perfet uid. It is also an important form for the ination, whih reeived the name
of polynomial ination. In a general way, the assoiation of the forms (11) is physially
meaningful for many theories studied in the FLRW models. As instane, suh forms
for the sale fator and the potential have been found in [14℄ where a superpotential
is onsidered. This is also asymptotially the ase in [15℄ where onformal salar eld
osmologies are examined and in general for any forms of eΩ and U whih an be
asymptotially developed as power law series. Thus, the results whih follow ould
apply to large lass of salar tensor theories. Additional reasons will be given in the
next setion.
(i) Gravitational funtion
From (7), we get:
G−1 = C1t
2+n + C2t
−2m + C3t
−3m+1
(12)
Ci are integration onstants. From (12), we see that we an not hoose m and
n suh that G be onstant unlike asymptotially. Thus, General Relativity does
not belong to the lass of theories dened by these forms of Ω and U . When the
Universe isotropizes, it will be in expansion if m > 0 and will undergo ination if
m > 1. The potential will tend naturally toward zero if n < 0. From (6) we dedue
that isotropisation will happen at late times if m > 1 or 3m + n > −1. In the
rst ase, the Universe will be neessarily inationary for this period. In the last
ase, ination will go with isotropisation if n < −4. Thus, we an get an isotropi
Universe without ination. Consequently, if m > 1 or 3m+ n > −1, the Universe
isotropises and the power law tm represents a late times attrator for the metri
funtions.
Power laws of the proper time for the gravitational funtion play an important role
toward the literature. Milne, in the thirties, studied the ase G = t and Dira, in
the framework of the "Large Number hypothesis", proposed G = t−1 [16℄. More
reently, in [17℄ a study of the Newtonian osmologies with polynomial laws for G
and perfet uid (p = (γ − 1)ρ) in the isotropi models is made. It is shown that
for G = tp, ination is present when 3γ > 2 and do not depends on the variation of
G. In this work, a ondition to get asymptotially ination is m > 1. In this ase,
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G→ t−(2+n) if n > −4. Then, it shows that ination in the lass of models we are
studying, is also asymptotially independent on the variation of the gravitational
funtion as in [17℄ if the potential is larger than t−4.
(ii) Appliations
In this part, we examine several known types of Universes whih are late times
attrator when isotropisation arises.
• Coasting Universe
We hoose m = 1. Then, the Universe isotropizes at late times and tends
toward a oasting Universe, i.e. the metri funtions tend toward t if n > −4.
We alulate the exat solutions of the eld equations. The anisotropi part
of the metri is written:
β± = −β±0 ln [(C2 + C3)t
−4−n + C1]
(4 + n)(C2 + C3)
+ β±1 (13)
Coasting Universe has been previously studied in [18℄. In this paper, a Brans-
Dike model with a perfet uid and a power law potential in a FLRW model
was onsidered. For open, losed or at models, they found linear expansion of
the sale fator with a potential dereasing inversely with the square of time.
An important harateristi of an isotropi oasting osmologies is that the age
of the Universe is not in onit with the observations. So, the age problem is
absent for this type of dynamial behaviour for the metri funtions.
• Cosmologial onstant
We examine the ase m = 1/2 and n = 0. The potential is then a osmologial
onstant. At late times, the Universe isotropizes and the metri funtions tend
toward t1/2 whih is the form of the sale fator in an FLRW model for General
Relativity when Universe is radiation dominated. This theory ould thus build
a bridge between an anisotropi Universe dominated by the salar eld and
a at relativisti and isotropi Universe dominated by the radiation. The
gravitational funtion will behave asymptotially as t−2 and then will tend to
vanish at late times. The exat solution for the metri funtions an be found.
The anisotropi part of the metri is written as:
β± = β±0
6∑
i=1
ln(
√
t+ si)
C3 + 6C1s
5
i
+ β±1 (14)
The si are the i
th
roots of the equation C2 + C3s + C1s
6 = 0. A osmolog-
ial onstant is equivalent to onsider an equation of state for the sti uid
(p = −ρ). This situation has been studied in [17℄ where G = tp. In this last pa-
per it has been notied that the asymptotial behaviour of the sale fator was
determined by the value of p, the power of the gravitational funtion. Here, for
the lass of theories dened by (11), whatever m > 0, i.e. an asymptotially
isotropi and expanding Universe, the gravitational funtion always behaves
as t−2 at late times in presene of a osmologial funtion. The behaviour of
G is thus independent on the value of m.
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• Gravitational onstant
Another interesting ase orresponds to m = 1/2 and n = −2. The anisotropi
part of the metri funtions is written:
β± = β±04 arctan(
C3 + 2C1
√
t
(4C1C2 − C23)1/2
)(4C1C2 − C23)−1/2 + β±1 (15)
Then, the potential tends to vanish at late times. The gravitational funtion
tends asymptotially toward the onstant C1. One more times, this theory
onnets an anisotropi Universe to an isotropi one behaving dynamially as
if radiation was present, but here the gravitational funtion tends toward a
onstant. In a general manner, when m > 1/3, the ase n = −2 is the only one
giving birth to an asymptotially non-vanishing gravitational onstant. Sine,
reent observations suggest that our present Universe ould undergo ination,
whih means m > 1, this remark underline the importane of a potential
behaving like t−2 at late times if we assume a gravitational onstant for this
epoh and a power law behaviour for the sale fator. This type of potential
has been studied in [19, 20℄ and partiularly in [18℄ where it arises naturally
when one use a salar eld behaving as a power law type of the proper time.
• Stati Universe
For m = 0 and n > −1, the Universe will isotropize toward a stati behaviour
at late times. If moreover we require that the potential be dereasing, we need
n ∈ [−1, 0]. The anisotropi part of the metri takes the form of a hypergeo-
metri funtion multiplied by t. Stati phases for the Universe are interesting
sine they an help to solve the age problem and the problem of the large-sale
strutures formation.
3.2. Exponential laws
We hoose an exponential law for the isotropi part of the metri and the potential:
eΩ = emt (16)
U = U0e
nt
U0 is a onstant. When the Universe isotropizes and undergoes expansion, we get a De-
Sitter like behaviour for its dynamis and thus exponential ination. This justies the
importane of this ase whih an also be onsidered as a limiting ase of the polynomial
ination with m → +∞. Moreover, in FLRW models, the assoiation of exponential
laws for the sale fator and the potential is reovered in [14℄ where a superpotential is
used and in [15℄ where onformal salar eld osmologies are onsidered.
(i) gravitational funtion
The gravitational funtion is written:
G−1 = C1e
nt + C2e
−3mt + C3e
−2mt
(17)
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The Ci are integration onstant. The Universe will isotropize at late times if
m > 0, whih means it is then expanding, or/and n > −3m. In this last ase,
asymptotially ontrating Universe implies that the potential diverge. When the
Universe isotropizes it tends toward a De-Sitter model. Consequently, when m > 0
and/or n > −3m, a De-Sitter Universe is a late times attrator for the lass of
theories dened by (16). This result an be ompared, for the Bianhi type I
model, to Wald results [21℄ whih laims that, in the ase of General Relativity
with a salar eld and a osmologial onstant, all the Bianhi models (exept
ontrating Bianhi type IX) initially in expansion approah the isotropi De-Sitter
solution.
The exat solution of the eld equations an be found whatever m and n. We get
for the anisotropi part of the metri:
β± = β±0(mt−ln [1+C3emt(C2+C1e(3m+n)t)−1℄)[m(C2+C1e(3m+n)t)℄−1+β±1(18)
If we hoose the early times at t→ −∞, the funtions β± tend toward linear law of
the proper time or onstant. This means that at early times the metri funtions
tend toward exponential laws of the proper time whih an be ompared to an
anisotropi De Sitter Universe.
The only asymptotial behaviour for the metri funtions whih ould be ommon
between the ase of this subsetion and the previous one is an asymptotial stati
Universe. A neessary ondition is then m = 0. Then, we see from (18) that the
Universe an not isotropize and thus, asymptotially stati Universe is not possible
for the lass of theories dened by (16). This last result exludes that General
Relativity with a salar eld and a osmologial onstant, dened by m = 0 and
n = 0, isotropize at late time with a onstant sale fator. This is in aordane
with Wald results.
The late times behaviours of the lasses of theories desribed in subsetions 3.1 and 3.2
are represented on gure 1.
To our knowledge the results get in this last setion are new and most of then an
be extended to any funtions eΩ and U tending asymptotially toward the forms ex-
amined above. In [13℄, the same type of appliations have been made in the Einstein
frame. It was shown that the Universe tends toward an isotropi De-Sitter model when
the potential tends toward a onstant and reiproally. In the present paper, we an
see that suh behaviour also arises when the potential diverges. In the same way, it
was shown that the Universe isotropizes when its isotropi part tends toward a power
law behaviour of the proper time if the salar eld is dened when the metri funtions
diverge but we had not get onditions on the exponent of the power law representing
eΩ. Moreover in subsetion 3.1 we have also shown that Universe an isotropize toward
a stati model whih is not possible in the Einstein frame. This underlines that HST
is not dynamially equivalent to General Relativity with a salar eld and that new
dynamial behaviours an be found.
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4. Conlusion
In this work, we have determined, with help of quadrature, the solution of the eld
equations of the HST with a potential in the Bianhi type I model when we know the
form of the potential and the isotropi part of the metri as some funtions of the proper
time. The rst result we get is that the Universe isotropize when the integral of Ge−3Ω
tends asymptotially toward a onstant. We had already obtained it in [13℄ by help of
Hamiltonian formalism. Physially, it means that the 3-volume of the Universe have to
grow faster than the gravitational funtion. It is in aordane with our present Universe
whih is expanding with a probably onstant gravitational funtion. The Brans-Dike
oupling funtion an be evaluated as a funtion of the proper time and nally of the
salar eld if it is an invertible funtion of t. However we have not study any partiular
form of ω sine the dynamial properties of the Universe does not depend on it.
We have looked for the exat solutions of two lasses of theories respetively dened
by power and exponential laws of the proper time for eΩ and U . They lead to isotropi
Universe with power or exponential ination and are linked, among others, to the pres-
ene of superpotential or onformal salar eld osmologies. Of ourse, the forms we
have hosen for eΩ and U are partiular ones. However most of the results we obtained
should stay true for any theory whose the isotropi part of the metri and the potential
asymptotially behave like these desribed in setion 3. Partiularly power laws of t are
very interesting sine from a mathematial point of view, any solutions whih an be
developed as power law series an be approximated in this way. Thus our results and
the assumptions that the Universe be isotropi and undergoes ination at late times
ould onstraint any salar tensor theories whose anisotropi part of the metri and
potential an be developed as power series of the proper time or as exponential of t.
Lets note also that from a physial point of view, power laws of the proper time are
good approximations for the behaviour of the 3-volume at late times, when the solutions
of the eld equations approah FLRW ones, or at early times when the singularity is
desribed by Kasnerian behaviour.
When the potential and the isotropi part of the metri are written as funtions of
power of t (respetively m and n), the gravitational funtion is the sum of three powers
of the proper time. Then, the Universe isotropizes when m > 1 or 3m+n > −1. In these
two ases, an isotropi Universe with a power law for the metri funtions represents
the late times attrator. In the rst ase, the Universe will undergo ination. In the
seond ase, the presene of ination at late times will imply n < −4. The opposite is
not true.
We an not found the exat form of the anisotropi part of the metri for any values of
m and n. However some interesting ases an be studied. The rst one orresponds to
an asymptotial oasting universe for whih m = 1. Then, at late times the dynamial
behaviour of the metri funtions when universe isotropizes, i.e. for n > −4, is a linear
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law of t. In the FLRW ase, this theory does not suer of the age problem. A seond
ase orresponds to a Universe with a osmologial onstant (n = 0) whih tends toward
a power law of times with the same form as the solution for the at radiation domi-
nated Universe in the isotropi ase (m = 1/2). For these two values of n and m, the
Universe will always isotropize at late times. This theory is thus able to build a bridge
between an anisotropi Bianhi type I Universe with a osmologial onstant and an
isotropi one behaving dynamially like a at isotropi radiation dominated Universe.
In a general way, when we onsider a osmologial onstant and a power law for the
isotropi part of the metri , if m > 0, the Universe isotropize at late times and the
gravitational funtion behaves like t−2 and vanishes. Moreover, if instead of a osmo-
logial onstant we hoose a potential behaving like t−2, the gravitational funtion will
tend toward a onstant instead of vanishing whih is a physially interesting situation
sine it is what we observe for G. Remark that, whatever m and n, the only way to
get asymptotially a non-vanishing gravitational onstant with an expanding Universe
is to hoose m = 1/3 and n ≤ −2 or n = −2 and m ≥ 1/3. Hene, if we want to get
at late times an inationary Universe with a gravitation onstant, we have to hoose a
potential behaving as t−2. Note that the potential will then vanish at late times and
will diverge at early times (t = 0), thus solving the osmologial onstant problem. The
last ase we study is this of an asymptotial isotropi and stati Universe (m = 0). It
will be a late times attrator, i.e. the Universe will always tend toward an isotropi and
stati Universe, if n > −1. This type of theory ould help to solve age and large sale
strutures formation problems.
When the potential and the isotropi part of the metri are written as funtions of
exponential of t (respetively m and n), G−1 is then the sum of three exponentials of
t. The Universe will isotropize at late times if m > 0 or/and n > −3m. Under these
onditions for m and n, a De-Sitter Universe is a late times attrator. In the rst ase,
this always give birth to an expanding Universe. In the seond ase, if the potential
asymptotially vanishes at late times as it ould be the ase for our present Universe, it
an be ontrating or expanding Universe.
It is possible to alulate the exat solutions of the metri funtions, i.e. the anisotropi
part of the metri, for any m and n. Thus, we have remarked that this lass of models
an not isotropize asymptotially toward a stati Universe (m = 0). However, in the
neighbourhood of the singularity that we hoose in t → −∞, all the metri funtions
tend toward an exponential of the salar eld giving birth to the ounterpart of a De
Sitter model for the anisotropi ase, i.e. the metri funtions behave as exponentials
of t with dierent exponents.
The two lasses of theories we present in this paper have large regions of the
parameters plane (m,n) for whih the Universe is able to isotropize and be in
expansion with a vanishing potential (In this ase, for exponential laws of U and eΩ,
the gravitational funtion always diverge. This is dierent when we onsider power
laws.). Suh types of theories ould solve the osmologial onstant problem sine their
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potentials derease naturally when time inreases. These regions of the plane (m,n) are
shown in the gure 1.
This work an be extended in several ways. First, sine G−1(Ω,
∑
n Un) =
g1(Ω) +
∑
n g2(Ω, Un) and ω(φ,Ω,
∑
n Un) = ω1(φ,Ω) +
∑
n ω2(φ ,Ω, Un), we are able
from the dynamial properties of simple lasses of theories dened by Ω(t) and U(t)
to dedue dynamial properties of more evoluted lasses of theories dened by sum
of these funtions. Seondly, other types of physially interesting potentials an be
studied suh as these whih tend toward a onstant in an osillating way as for instane
U = sin t/t+U0. Finally, It would be interesting to extend this work to take into aount
the presene of a perfet uid as matter eld for the Universe. It will be the subjet of
future works.
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Figure 1. These two gures summarise the asymptotial behaviours of the HST in the
(m,n) plane when the potential and the isotropi parts of the metri are respetively
power or exponential laws of the proper times. We have annoted "De", "In", "Is" and
"If" the regions of the plane where the Universe is respetively dereasing, inreasing,
isotropi and inationary at late times epohs. Gray regions represent the regions of
the plane for whih the gravitational funtion diverge at late times.
